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Abstract. Wc introduce a new method for the analysis of singularities in the 
unstable problem 

A" = -X{u>0}, 

which arises in solid combustion as well as in the composite membrane problem. 
Our study is confined to points of ^\supercharacteristic" growth of the solution, 
i.e. points at which the solution grows faster than the characteristic/invariant 
scaling of the equation would suggest. At such points the classical theory is 
doomed to fail, due to incompatibility of the invariant scaling of the equation 
and the scaling of the solution. 

In the case of two dimensions our result shows that in a neighborhood of the 
set at which the second derivatives of u are unbounded, the level set {u = 0} 
consists of two C^-curves meeting at right angles. It is important that our 
result is not confined to the minimal solution of the equation but holds for all 
solutions. 
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1. Introduction 

In the last decade, the theory of free boundary regularity of obstacle type has 
got renewed attention, owing to the seminal paper [1] of L.A. Caffarelli as well as 
[6]. Many interesting old and new problems, intractable by earlier techniques, have 
been solved, thanks to the ideas in [4] and [6j (see for example [IS]). All these 
problems share a common feature: the scaling of the solution at free boundary 
points coincides with the characteristic/invariant scaling of the equation. However, 
there are problems arising in applications for which this docs not hold. An example 
is the unstable obstacle problem 

(1.1) Au^^X{u>Q} inf^cM", 

related to traveling wave solutions in solid combustion with ignition temperature 
(see the introduction of [13] for more details), to the composite membrane problem 
(see [5], [7], [3], [11], [inj) as well as the shape of self-gravitating rotating fluids 
describing stars (see [5j equation (1.26)]). Solutions of equation (jl.ip may exhibit 
supercharacteristid'' growth of order 

r^l logr| 

not suggested by the invariant/characteristic scaling u{rx)/r'^ of the equation. 
In this paper we introduce a new method to analyze the fine structure of singular 
sets close to points of supercharacteristic growth of the solution. 
Equation (jl.ip has been investigated by R. Monneau-G.S. Weiss in [13]. They es- 
tablish partial regularity for second order non-degenerate solutions of (jl.ip . More 
precisely they show that the singular set has Hausdorff dimension less than or equal 
to n — 2, and that in two dimensions the free boundary consists close to points where 
the second derivative is unbounded, of four Lipschitz graphs meeting at right an- 
gles. They also show that energy-minimising solutions are in the two-dimensional 
case of class C^'^ and that their free boundaries are locally analytic. 
J. Andcrsson-G.S. Weiss have constructed a cross-shaped counter-example proving 
that the solution need not be of class C^'^ (see [1]). In [13] it has been shown 
that the second variation of the energy at that particular solution takes the value 
— oo. In this sense the cross-solution is completely unstable. Moreover, it cannot 
be obtained by naive numerical schemes. 

In this paper we analyze the behavior of solutions at points at which the second 
derivatives are unbounded. Difficulties in the analysis are: 

(i) At cross-like singular points the solution has the "wrong scaling" , i.e. u{rx) 
scales like r^|log(r)| which is different from the characteristic scaling of the 
equation. The lack of a suitable local Lyapunov functional/monotonicity formula 
implies that methods like the Lojasiewicz inequality (see for example [TB], [T7] ) 
would be hard to apply even at isolated singularities. 

(ii) The cross-like singularities are unstable. 

(iii) The comparison principle does not hold. 

Instead we use knowledge about the Newtonian potential of the right-hand side to 
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derive a quantitative estimate for the projection of the solution onto the homoge- 
neous harmonic polynomials of degree 2. This leads in the case of two dimensions 
to the growth estimate Theorem A (i) for the solution as well as an estimate of 
order 



(1-2) / \m:j ,3%" ^^ 







^1 log I lo gs] 
s\ logs] 

for how much the projection of u{x + s-) and also the approximate tangent space 
of the singular set can turn as s moves from r to (see Theorem A and Remark 
ll.ip . Our main result Theorem A shows that close to a non-degenerate singular 
point, the level set {u = 0} consists of two C^-curves meeting at right angles. 
We provide estimates for the modulus of the normal of the free boundary close 
to singular points. Different from the (also two-dimensional) unique tangent cone 
result |131 Theorem 7.1], the result in the present paper is a quantitative result valid 
uniformly for a certain class of solutions. Moreover the result in the present paper 
is not confined to the minimal solution. 

In the paper [5] in preparation the authors extend these new methods to the case 
of higher dimensions. 

Our main result in the present paper is the following (cf. CoroUarv lS. Gl and Corollary 
O): 



Theorem A. Let u be a solution of m O C satisfying sup^ \u\ < M . 

Moreover let d > 0. Then there exist an rp ~ ro{M, d) > and a Sq ~ 5o{AI, d) > 
such that if x*' G = {.t G : dist{x, 917) > d} and 



(1.3) S"(^x',r)^(^ f uWy^'> 



'dBr{x°) ' ^ 

for some 5 < 6o, r < rg and u{x^) = |Vu(x'^)| = then: 

(i) (i - C{M,d))s'^ + c\og{r/s)s^ < S''{x°,s) for every s<r. 

(ii) There exists a second order homogeneous harmonic polynomial p'^ ^ p 
such that for each a G (0, 1/2) and each [3 G (0, 1), 

u(x^ + sx) , / 5 

1.4 — ^ r^-p <C M,d,a,/3 , , , 

supb^(,o)|u| ' c^.o- '"\l + 5\og{r/s) 

(Hi) The set {u = 0} H Br{x^) consists of two C^-curves intersecting each other 
at right angles at x'^ . 

Remark 1.1. 1) By [T31 Lemma 8.5] the estimate Theorem A (i) is sharp. The 
inequality (jl.3p is always satisfied for some r at singular points, that is, points at 
which the solution u is not C^'^. Theorem A thus states that x'^ is a singular point 
if and only if p.3p is satisfied for some r. 

2) The left hand side in p.4p may be estimated by the somewhat sharper term 
in (|1.2p (see the end of the proof of Theorem [ 



The proof of (i) in Theorem A is contained in Corollary 15.61 ^J^d (ii) and (Hi) 
will be proved in Corollary 17. II 
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2. Notation 

Throughout this article M" will be equipped with the Euclidean inner product x-y 
and the induced norm \x\. We define as the i-th unit vector in R" , and Br{x^) will 
denote the open n-dimcnsional ball of center a;*^ , radius r and volume r" Un ■ When 
not specified, is assumed to be 0. We shall often use abbreviations for inverse 
images like {u > 0} := {x e : u{x) > 0} , {x„ > 0} := {x e M" : a;„ > 0} etc. 
and occasionally we shall employ the decomposition x = (xi, . . . ,x„) of a vector 
X e M" . Since we are concerned with local regularity we will use the set fid := 
{x G il : dist(a;, i9r2) > d > 0}. We will use the /c-dimensional Hausdorff measure 
Ti.''. When considering a set A , XA shall stand for the characteristic function of A , 
while u shall typically denote the outward normal to a given boundary. 

3. Preliminaries 

In this section we state some of the definitions and tools from [12], [13] and 
mention some examples from [T]. 

First we need the monotonicity formula derived in [19] by G.S. Weiss for a class 
of semilinear free boundary problems. For the sake of completeness let us state the 
unstable case here: 

Theorem 3.1 (Monotonicity formula, [H]). Suppose that u is a solution of U.l\) 
in rt and that Bs(x^) C O . Then for all < p < a < S the function 

- 2 r-"-3 I drr-^ , 

defined in (0, 5) , satisfies the monotonicity formula 

$^o(a) - $^o(p) = / r-"-2 I 2{vu-u-2-)' dTC"-^ dr >0 . 

The following proposition has been proved in [131 Section 5] . 

Proposition 3.2 (Classification of blow-up limits with fixed center, Proposition 
5.1 in [13|). Let u be a solution of il.l]) in Q, and let us consider a point x^ £ 

nc^{u = o}n {Vu = o}. 

(i) In the case <I>"o(0+) = — oo, lim,.^o " /gg (^o) ""^ dH"^^^ = +oo, and for 
S'"(a;0, r) = (ri-" JobAx") ^^""^) ' ' each limit of 

u(x^ + rx) 
^"(x^r) 

as r is a homogeneous harmonic polynomial of degree 2. 
(a) In the case $"o(0+) G (-oo,0), 

u(x'^ + rx) 

""ri^) - — ;:2 — 
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is bounded in W^''^{Bi{0)), and each limit as r ^ is a homogeneous solution of 
degree 2. 

(iii) Else $^o(0+) = 0, and 

''^''"^^ "^""^ ^ m W''\B,{Q)) as r^O. 

Remark 3.3. 1. As observed recently by one of the authors, case (ii) is possible 
even in two dimensions (cf. [2]). 

2. Case (iii) is equivalent to u being degenerate of second order at cc". 

In [T] , the authors have obtained abstract existence of solutions in two dimensions 
that exhibit cross-like singularities, at which the second derivatives of the solution 
are unbounded (case (i) of Proposition 13. 2|) . as well as degenerate singularities, at 
which the solution decays to zero faster than any quadratic polynomial (case (iii) 
of Proposition 13. 2p : 

Theorem 3.4 (Cross-shaped singularity in two dimensions, Corollary 4.2 in [I]). 
There exists a solution u of 

Am = -X{u>o} in Bi C 

that is not of class C^'^. Each limit of 

u{rx) 
S'"(0,r) 

as r — > coincides after rotation with the function (x\ — x'^)/\\x\ — a^2lli^(OSi(o)) • 

Theorem 3.5 (Existence of a degenerate point. Corollary 4.4 in [1]). There exists 
a non-trivial solution u of 

= -X{«>0} in Bi C 
that is degenerate of second order at the origin. 

4. A Newtonian potential and its projection 

In what follows we will need the space P of second order homogeneous harmonic 
polynomials and two dimensional homogeneous polynomials respectively which we 
define now. 

Definition 4.1. Let us first define in each dimension n > 2 the space P of 2- 
homogeneous harmonic polynomials, i.e. harmonic polynomials of degree 2. 

Definition 4.2. (i) Let us define the projection 

n : W^-^{Bi) ^ P 

as follows: for v e W'^'^{Bi), let Il{v) be the, by Lemma [¥^51 unique, minimizer of 

\D^v-D^p\^ 

JBi 
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on P. where \A\ = '^'Yli'ij=i ^ij th*^ Frobcnius norm of the matrix A. 
(ii) Let us also define t{v) > by 

Il{v) = t{v)p, p G P, sup \p\ = I. 

Bi 

Lemma 4.3. (i) For each v € M^^'^(_Bi) the minimizer of Definition \4-<i\ exists and 
is unique. Thus 11 : W^'^{Bi) P is well-defined, 
(ii) H is a linear operator. 

(Hi) If h € W^'^{Bi) is harmonic in Bi then II{h{x)) = II{h{rx)/r^) for all r £ 
(0,1). 

(iv) For every v,w £ W^'^{Bi), 

sup |n(w + w)| < sup |n(w)| + sup|n(w)|. 

Bi B\ B\ 

Proof. The first and second statement follow from the projection theorem with 
respect to the {Bi ; M" )-inner product and the linear subspacc 

{/ e L (_Bi;M" ) : /(a;)is symmetric, constant, and trace(/) = 0}. 



Writing h as the sum of homogeneous harmonic polynomials hj that are orthogonal 
to each other with respect to 



« n 

v,w) := / dijvdijW, 



we see that Tiihj) = for all j such that the degree of hj is different from 2, im- 
plying the third statement. 

The last statement follows from the linearity of II and the triangle inequality in 
L2(Bi;M"'). □ 
In [12] L. Karp-A.S. Margulis derive eigenfunction expansions for generalized New- 
tonian potentials with respect to a large class of right-hand sides. In the follow- 
ing lemma wc calculate explicitly a normalized generalized Newtonian potential of 
~X{xiX2>o} s-s well as its projections. Properties (iv), (v) and (vi) in Lemma [ 
arc crucial for what follows. 

Lemma 4.4. Define v : (0, +oo) x [0, +oo) R by 

v{xi,X2) ■= —4:XiX2 ^og{xi + x\) + 2[x\ — x\) ( — — 2 arctan ( — 1 1 — T^ixi + xi). 

\2 \xi ' 

Moreover let 

{w(xi,a;2), a;ia;2 > 0,xi 7^ 0, 
-w(-xi,X2), a;i<0,a:;2>0, 
— v{xi, -~X2), Xi > Q,X2< 0, 

and let 

, , w{xi,X2) — ■n(x\+ xV) +%XiX2 
Z{XI,X2) ■■= — . 

Then, z is the unique solution to 



(i) Az = -X{xvx2>o} 



p2 
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(ii) z{0) = |Vz(0)| = 0, 
(in) lim^^^ ^ = 0, 

(iv) n(z) = 0, 

(v) n(zi/2) = log(2)a:iX2/7r, 
r«^;r(zi/2) = log(2)/(2^). 

Proof. A calculation shows that w can be extended to a C^-function and that 
Aw; = — 47rx{xi2;,>o} + 47rx{xi2:,<o}- We obtain that z can be extended to a C^- 
function solving Az ~ ^Xixixoya] ii^ 11^^ ^-nd satisfying (ii) and (iii). 
Next we show that h := n(z) = 0: setting 

h 



we obtain 



J Bi JBi 



di2ih~z)^Ab- 



dl2Z 



Bi 



46+2 



l + log(x2+a;2) 



4& 



as well as 



implying that h = 0. 
Rescaling z we see that 



z{rxi,rx2) , , a;iX2logr^ 

T. = Z(Xl,X2) - 



which implies 



n(.,/2) = n(.)-n(^i:?^iMiIi) 



2n 



2lT 



log(l/2)n(xia;2)/7r = - log(l/2)xiX2 A- 



Thus (v) and (vi) are true. 

Last, we show uniqueness of z satisfying (i)-(iv). Observe that (v) and (vi) are 
not needed to show uniqueness. If z^ and are two solutions to (i)-(iv), then 
by (i), z^ — z^ is harmonic. Condition {in) implies that z^ — z^ is a second order 
polynomial. Conditions {ii) and (iv) then imply that 2^ — z^ = 0. □ 



5. Growth of the Solution at Singular Points. 

The next lemma is crucial for all that follows. 

Lemma 5.1. Let u solve and suppose that d > 0, supjj |u| < AI < +00, 

x° e Ud, u{x°) = |VM(a;°)| ^ and r < d/2. Then 



Bi 



^2uix'^ + rx) ^2tt/'"(^° + '"^)^ 



and 



u^x'^ + rx) ,u{x'^ + rx) 



n 



-) 



< C(n,Af, d,p) 
< C{n,M, d,p). 
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Proof. Let Ur{x) =^ u{x_+rx)^ From [TSj 4.1 Proposition 1] wc infer that D^u is 
locally of class BMO, and that 



r s 1/2 



1 



where 

and Ci is a constant depending only on n, M and d. It follows that 

1/2 



-B3/2 

> ( / \D''ur - (Dhl^2 - -trace(D2„3^/2)/) I 



-D3/2 



1/2 



-trace(£'2u3^^2)^P 
where I is the identity matrix. Next it is easy to see that 



/ \-tYSiCe{D^U3r/2)I\^ < 1, 

"'B3/2 



since 



trace(Z?2.3./2) = ^;;;^y^^^^A.. 
and |Aur| < 1. In particular we have 

Ci + 1 > ( / \D^u^ - {D^U3,/2 - -trace(D2y3,/2)/) |' 
Using the minimizing property of the projection 11 we get 

(Ci + 1)2 > / li^^^t, - - itrace(i?2y3,,/2)/) |' 

> / |i^V~/?'n(w3./2)r 

Observe that if we set v := Ur — 11(^3^/2), then 



1/2 



\D'v\' < (Ci + l)M|nO;)jU2(s,) <C2, 

'3/2 

l|n(w)||L2(i33/2) < C3 and ||u - U{v)\\l2(^Bs/2) < ^'4- 
It follows that D^{^Ur — Ii{ur)) is bounded in L^{B;j/2)- Moreover, since n(ur) is 
harmonic, A(iir ^ n(u.r)) = — X{ur>o}- Poincarc's inequality implies that 



\ur - Il{Ur) - VUr ■ X - || < ||D U,. - D 11(^^)11^2(^3/2) ^ ^5, 



where Vu^ and denote the averages. Thus L^-theory (see for example |111 
Theorem 9.11]) implies that 



^6- 
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The embedding into Holder spaces therefore yields 

\\ur — n(Ur) — VUr ■ X — | (^l./S ) ^ C'7. 

Using that u(a;°) = |Vu(a;°)| = and the above estimates implies the statement of 
the Lemma. □ 

Remark 5.2. The above Lemma implies in particular that when one of the quan- 
tities ||u||i=e(^^(3,o)), S^{x^,r) and t{u{x'^ + r-)) is large in comparison to then 
all these quantities are comparable. Let us indicate how to prove this: assume that 
t{u{x'^ + r-)) > Cr^ for some large constant C = C{n, M, d) then 

s-ix^,r) = / u^dH-^y^' > / uiurdn-^y^' 

-i^m f {u~U{u)fdn''-A^^^>c{n)T{u{x°+r-))-C{n,M,dy. 

It follows that if C > 2C{n,M,d)/c{n) then 5"(x°,r) > c{n)T{u{x^ + r-))/2. Simi- 
larly one may deduce that under the above assumptions S"{x^,r) < C{n)T{u{x^ + 
r-)) and that the corresponding relationships between the other quantities above 
hold. 

In what follows, we denote by z{xi, . . . , Xn) ■= z(xi, X2) the solution of Lemma 
01 extended to R". 

Lemma 5.3. For each e > 0,n e N,d > 0, M < +00, a e [1, +00) and j3 e (0, 1) 
there exist Tq, <5 > with the following property: 

Suppose that < r < ro, x Cz o.nd that u is a solution of in f2 satisfying 

supQ |u| < M, u{x) — \ Vu{x)\ ~ and 



/:"(({u(a; + r-) > OjAjxiXs > 0}) n Bi) < S. 

Then 

uix + 7'0 ulx + r-) . 

< e. 



u{x + r-) ui^x + r-) 

— -2 n( -2 )-z 



Proof. Suppose that ^ 0, that 

C^{{u,j{x^ + ry) > 0}A{a;ia;2 > 0}) ^ as j ^ cx) 

and that 

"^'^^'^''■'•^ - n( "^'^^'+^^'^ ) -> ~z in C/f (R") and weakly in (M") 
as j — > (X) (cf. Lemma 15. ip . 

Now let N be the Newtonian potential of xo^Awj, i.e. 



Niy) 



2^/R2log|2/-ei(xa.A?Xj)(Ode, n^2. 



Next wc let N{y) N{y) — N{x^) — WN{x^) ■ {y — x^), and consider the harmonic 
function h{y) Uj{y) — N{y). Since supj^ \uj\ < M, \h\ < C2 on dBd{x^), and 
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it follows that \D^h{y)\ < C3 in -8^/2(2;-'), where C3 depends on n, d and M. 
Consequently 

\uj{y) - N{y) - D-'hix^){y - x^){y - x^)\ < C^W - V? m Sd/2(a;^), 

where C4 depends only on n^d and M. For the scaled functions Vj{y) :— Uj{x^ + 
rjy)/r'j,Nj{y) := N{x^ +rjy)/r'j andpj(y) = D'^h{x^){y){y) we obtain 

\vj{y) - N,{y)~p,{y)\ < Cir,\y\^ in Ba/^2r,)- 

Thus 

Vj - U{vj) = Nj - U{Nj) + 0(1) as j 00. 
Passing if necessary to another subsequence j — > 00. the functions Nj converge 
locally to A^o, where 

AA^o = -X{.^x,>o},NoiO) = 0, V7Vo(0) = and iVo - Il{No) = z. 

We need to establish that |iVo(j/)| = o(|?/p) as \y\ 00. Once this is established 
the uniqueness part of Lemma l4. 41 implies that z = Nq — II{No) = z and the Lemma 
follows. First, D'^No E BMO(M"), so that 



D^No{Ry))-D^{No{R-)) ' 



sups, \D^No\ 



dy<Q ^ 



sups^ \D^No\ 



for all R £ (0, +00), where D^{No{R-)) denotes the mean value of D^{Nq{R-)) on 
Bi. Thus lim supfl_o2 sup^^ \D^ No{R-)\/ R"^ = +00 imphes that 

No{Rk-)/ sup^ iD^A^ol converges for a sequence — > 00 

(5.1) 

to a 2-homogeneous harmonic polynomial. 
Now suppose towards a contradiction that 

linisupM|^>0. 

|y|— *oo \y\ 

Then A{No - z) = in R" and 

\No{y)-z{y)\ ^ ^ 
hmsup 1— pr > 0. 

Thus No — z must be a harmonic polynomial of degree m > 3, contradicting (|5.1|) . 

□ 

Lemma 5.4. Let n = 2, d > and M < +00. Then there are ro,S > with the 
following property: 

Suppose that < r < ro,x^ G fid o,nd that u is a solution of il.l]) in fl satisfying 
supn \u\ < M, u{x°) = |VM(a;°)| = and 

5"(xO,r)> ^, 

for some r < rQ. Then 

+ r.) > 0}A{n(.(x" + r.)) > 0}) n B,) < 
where C = C{d, M, ro). 
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Proof. Let Ur{y) := u{x^ + ry)/r^. Then Ur is a solution to ()l.ip and S'"''(0, 1) > 
1/5. Let T{ur)pr = Tl{ur). By Lemina l5.ll sup^^ jur -~T[ur)pr\ < C", and we obtain 
at each point x G {ur > 0} n {pr < 0} that 

\Pr{x)\ < < 



T{Ur) - S'"-(0,1)' 

where we have used that S'"''(0, 1) is comparable to T{ur) (see Remark l5.2p . Next 
we calculate 

£"({u. > 0} n {pr < 0} n < £"({|p,| < ^^i;^} n b,) 

c 

< 4/:"({(xi,X2) : < xi < 1,0 < < l,a;ia;2 < ^ }) 



The Lemma follows by scahng back S'"(x°,r) = r^S'"''(0, 1). □ 

Lemma 5.5. Let n = 2. For each 7 G (0, log(2)/(27r)), > and M < +00 there 
are ro,S > 0, depending only on 7, d and M , with the following property: 
Suppose that < r < ro, € and that u is a solution of in fl satisfying 

supf2 \u\ < M , u(a;°) = |Vu(a;°)| — and for some r < rQ, 

S^x'>,r)>j. 
Then t{Au{x° + r ■ /2)/r^) > t{u{x'^ + r-)/r'^) + j. 

Proof. Suppose towards a contradiction that T{4:Uj{x^ + rj ■ /2)/r|) < T{uj{x^ + 
•)/r|) +7 for a sequence Uj satisfying the assumptions with S ^ Sj ~> a.a j 00. 
Let Vj Uj{x^ A straightforward calculation shows that Vj solves (jl.ip 

and that 

5"^(0,1)>1. 

From Lemma 15.41 it follows that 

£"({vj > 0}A{n(vj) > 0}) n Bi) 0. 

We may apply Lemma 15.31 and deduce that, after a rotation of the coordinate 
system, Vj — ^{vj) — > z weakly in W^ °'{Bi) and strongly in C^'^{Bi) as j — > 00, 
and that therefore — rotating each Vj only slightly more — n(z;j) = MjXiX2 with 
Mj +00 as i 00. Defining fi/2{y) := 4/(?;/2), it follows from Lemma [4.41 
(v) that n((wj)i/2 — MjXiX2) — > n(zi/2) = log(2)a::ia::2/7r as j — s- 00. On the other 
hand, T{{vj)i/2) < '''('^i) + 7; so that 

(log(2)A + M,)/2 = r((log(2)/7r + M,)xia:2) 

= 0(1) + r((i;j)i/2) < 0(1) + t(v, ) + 7 = 0(1) + M,/2 + 7, 
a contradiction for large j. □ 
The next Corollary proves the first statement in Theorem A and is fundamental 
for the rest of the paper. 
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Corollary 5.6. Let n = 2. Fix a 7 e (0, log(2)/27r) and let u satisfy the assump- 
tions in Lemma \5.5\ for some r < ro (with possibly somewhat smaller 6). Then 

t{2'^^u{x° + 2~h'-)/r^) > T(u(a;° + r-)/r^) + j-f for all j £ N. 

Moreover, for each s < r, 

S'"(a;0,s) S'"(xO,r) log(r/s) 



> 



C7- 



s2 - r2 ' log(2) 



2C, 



where c = \\xiX2\\L^(dBi), and C = C(M, d, ro). 
Proof. Since by Lemma |5. II 



sup 

Bi 



u{x'^ + rx) ,u{x°+rx) 



n 



<Co, 



it follows that for s < r, Us{x) = u{x'^ + sx)/s'^ and c = ||a:ia:2|li2(-g^j) 

(5.2) s''^io,i)-V2C^<( f |n(u,)|W 



9Bi 

V2Co7r < cr( 



Similarly it follows that 

(5.3) r{us)(^f {xiX2f)^'^dlH} <S''^{Q,l) + ^2C^. 



dBi 



From Lemma [5.51 we infer that if 5"(a;°,r)/r2 > 1/cr with a < 5 and (5 is as in 
Lemma then ^ '''r +7. Here we use short hand = T{u{x + r-)/r'^). From 
inequalities (|5.2p and (|5.3p we see that 

(5.4) ^^^^0^ > i-r + 7)c - > ^^^^ + 7c - 2^20;^, 

where c is the constant in the statement of the Corollary. In particular, if a has 
been chosen small enough, say l/cr > 1/S + 2Ci, then u satisfies the assumptions 
of Lemma 15.51 in Br/2 ■ We may thus apply Lemma 15.51 again and deduce that 

^:|^>(r. + 27)c-2y2CV^. 



Applying Lemma 15.51 7 times, we arrive at 

S%x°,r/V) ^, , ^ ^ S-ix°,r) . 

Notice that since T2-jr is increasing in j and thus S'"(a;'', 2~^r) > — 2^/2Cott for 
each j and the assumptions of Lemma 15.51 are therefore satisfied for each j. 



If we put s = 2^^r then j = log(r/s) / log(2) and we obtain the statement in the 
Corollary. For general s < r we may consider a j such that 2~(-'+^V < s < 2~^r. 
Using Lemma lO] 



u{x° + 2'^rx) ,u{x° + 2-irx), 



(2-Jr)2 



(2-Jr)2 



Ci-f(Si) 



< C2, 
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and it follows that 



s2 {2-3rf 

The Corollary follows with a slightly larger constant C. □ 

6. Controlling the movement of Xl{u{x + r-)) 

In this section we will exploit the estimate in Corollary 15. 61 to obtain control of 
how much the projection of u{x + r-) can tm'n when passing to a smaller radius r. 

Lemma 6.1. Let n = 2, d > and M < oo. Then there is rQ,S > with the 
following property: 

Suppose that < r < rg, x'^ e and that u is a solution of in fl satisfying 

supfj |u| < M, u{x) = |Vit(a;)| = and 

S"{x°,r) 1 

Let g be the solution of 

^9 = X{TL(u{x+r-))>0} - X{u{x+r-)>0} ^1 J 

g = Q on dBi. 

Then 
ft) 



\\D'g\\LHB,)<C. 



|log(g"(a:°,r)/r2)| 
S'"(a;0,r)/r2 ' 



(U) 



rig) < 

where C = C{d,M,rQ). 



|log(5'"(x",r)/r2)| 
'¥H^P~r)p- ' 



Proof, (i) follows from Lemma 15.41 and L^-tlieoTy (see for example |1H Theorem 
8.8]). 

(ii) Rotating and setting p 11(9) = aix\ + a2x\, we obtain 



|log(5'"(x°,r)/r2)| 
S'"(x",r)/r2 



Iog(5"(x0,r)/r2)| 



and 

'""^■'-^'Y S^{x^,r)/r^ 

for j = 1,2. □ 
The next Proposition already contains the desired estimate for how much the pro- 
jection may turn when passing from u{x'^ + r-) to uix^ + r • /2). 
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Proposition 6.2. Let n = 2, d > and M < +oo. Then there are ro, i5 > with 
the following property: 

Suppose that < r < r^, x'^ £ Vld and that u is a solution of in satisfying 

supf2 |u| < M, u{x) = |Vu(a;)| = and 



Then 



sup 



Il{u{x + r-)) 



j,2 — y 



Il{u{x + r ■ /2)) 



sups^ \n{u{x + r-))\ sups^ \n{u{x + r ■ /2))| 
where C — C{n, M, d). 



< C 



V|log(|^"(x",r)/r2 
(S"{xO,r)/r^y^^ 



Proof. Let us consider v ~ Ur — z o Qj. — /i,, — T{ur)pr where Ur{y) = u[x + ry)/r'^ , 
T\{ur) = T{ur)pr, the orthogonal matrix Qr has been chosen such that {Il{ur) > 
0} = {{X1X2) o > 0} (we may assume that Qr = /, the identity matrix), 
hr — h{ry)/r^, and h is harmonic and satisfies h{x) < Cijxp. It follows that 
H{v) ~ 0. Moreover we may express v ~ g + h where g is the solution of Lemma 
16.11 and h is harmonic. Lemma 16.11 (ii) implies now that for hi/2{y) = 4/i(?//2), 
51/2(2;) = 45(y/2) and ^1/2(2;) = 4f(y/2), 

sup|n(vi/2)| = sup|n(ft,i/2 + ffi/2)| < sup|n(.gi/2)| 

Bi Bi B\ 



■sup|n(/ii/2)| < sup|n(/ii/2)| + C21 

Bi Bi 



log(g"(a;°,r)/r2)| 
S'"(x0,r)/r2 ■ 



Since n(u) = we also know that \Il{h)\ < \U{g)\ < C2y^ '^°^jf(X')//^'''^' ■ ^he 
other hand, using that h is harmonic and Lemma 14.31 (iii). n(/i) = Il{hi/2) so that 



sup \ll{Ur/2 - Zi/2 - K/2 " T{Ur)pr) \ = SUp|n(wi/2)l < 26*2^ 



|log(g"(a;0,r)/r2)| 
S'"(x0,r)/r2 ■ 



From the linearity of H, \h{x)\ < Csjxp and Lemma we infer that 



(6.1) 



sup \n{Ur/2) - {T{Ur) + log(2)/ (27r))p^ | 
Bi 



< 2C21 



|log(5"(a;0,r)/r2)| 



■ sup \n{hr/2)\ < C4] 



|log(5'"(x",r)/r2)|^ 
S'"(a;",r)/r2 



S'^{xO,r)/r^ 

here we also used that sup^^ |n(ft,r/2)| < C4r which can be absorbed in the last 
term since S'^ixf ,r) /r"^ is large by assumption. 
From (|6.ip we conclude that 

IL{Ur) n(Ur/2) 



sup 

Bi 



sups^ |n(ur)| sups, |n(ur/2)| 



< sup 

Bi 



n(M^) 



(T(u,) + log(2)/(2^))p, 



supsi |n(ur)| 



SUPs, |n(ur/2)| 



V|log(g"(x0,r)/r2)| 
(5"(x0,r)/r2)^/' 
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where we also used sup^^ |n(Mr/2)| > C7 {x^ , r) / r'^ (c.f. Remark 1 5. 2p . Next we 
make the following estimate, which together with the previous estimate yields the 
conclusion of the Proposition: 

T{Ur)pr + log(2)/ (27r))pr 



sup 



T{Ur) 



SUPSj |n(ur/2 



< sup 

Bi 



T{Ur)pr (T(Ur) + l0g(2)/(27r))p,. 



T{Ur) 



(rK) + log(2)/(27r)) 
1 



rK) + log(2)/(2^) 



supsi |n(wr/2)| 



'S'"(a;0,r)/r2 
where we have used (|6.ip to estimate 



Iog(g"(x0,r)/r2)| 
5"(x0,r)/r2 ^ 



I sup |n(M,/2)| - (rK) + log(2)/(27r))| < 

Bi 



rK) + log(2)/(27r) 



|log(5"(x0,r)/r2)| 
S'"(a;0,r)/r2 ^ 



<C9 



SUPSi |n(Mr/2 
1 



Iog(5"(x0,r)/r2)| 



□ 



Theorem 6.3. Let n = 2, d > and suppose that u solves and that supj^ \u\ < 
M < +00. Then there exists a 5 ~ 5{M, d) > and an rg ~ rQ{M, d) > such that 
if .t" € Q,d and 

6'"(a;°,r) ^ 1 

J.2 — g 

for some r < ro then for each a € (0, 1/2) and all s < r, 
Il{u{x° + rx)) n{u{x° + sx)) 



sup 



supg^ |n(u(a;0 + rx))\ sup^^ \Il{u{x° + sx))\ 



< 



Proof. For simplicity we will only prove the Theorem for s = 2~^r; for general s 
we may use the estimate in Lemma [5T] as indicated in the proof of Corollarv l5.6l 
Let us choose 5 small enough so that Corollary 15.61 holds for some fixed 7 > 0, 

Decreasing S somewhat more if necessary, we see that (|6.2p implies that the assump- 
tions in Proposition 16 . 21 hold for every ball B2-jr{x'^)- Using the triangle inequality 
we obtain that 

U{u{x^> + rx)) U{u{x° + 2~h'x)) 



sup 

i 



sup 

Bi 



sup 

Bi 



supBi |n(ti(xO + rx))\ sups^ \n{u{x° + 2~3rx))\ 
U{u{x° + 2-^rx)) U{u{x° + 2-^~^rx)) 



snpB, |n(u(xO + 2-irx))\ sup^^ \U{u{xO + 2-j-Wx))\ 
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This sum may be estimated, by Proposition 16.21 from above by 

oo 

(6.3) 



V^log(5'"(xP,2-Jr)/(2"23V2)) 
^ (5«(xO,2-Jr)/(2-2Jr2))^/^ ' 
Let us set k to be the smallest integer satisfying 

1 ,5"(a;0,r) 



C7 r-^ 



'2C). 



For S''"(x°, r)/r2 large enough we sec that 



(6.4) 



k > 



el- 



s'" {x°,r) 



Using (|6.2p we may estimate (|6.3p by 



^ >fi x/log(c7j) ^ 



(c7i)3/2 



for each a e (0, 1/2). Using (j6.4p gives the Theorem. 



□ 



7. Conclusion 



Corollary 7.1. Under the assumptions in Theorem \6.3\ the following holds: 

(i) there exists a homogeneous harmonic polynomial p^ = p of second order 
such that for each a G (0, 1/2) and each (3 e (0, 1/2) 



'i{x^ + sx) 



SUPB4a;0) \u\ 



< 



C(d,M,a,/3)(- 



+ Jlog(r/s). 

(ii) The set {u 0} n Br{x^) consists of two C^-curves intersecting each other 
at right angles at x'^ . 

Proof. From Corollary 15.61 wc know that for each s < r 



(7.1) 



S''ix^,s) 



,1 



>ci(-+log(r/s)). 



It follows from Theorem 16.31 that 
(7.2) hm n(.(.o + ..)) 



= EEE p 



^0 sups^ |n(u(a;0 + sx))\ 
exists. Using Lemma l5. II gives 

u{x" + sx) Il{u{x" + sx)) 



(7.3) 



Co > 



> 



,U{X° + SX) SUP5^(^o) |m| 



| SuPB,(a;°) l"l _ n(n(a;° + sx)) 



suPb^(j;0) \u\ / u{x° + sx) 



SUPB^(^O) \u\ 

s^Pb,{x») Mujx^ + sx))\ njujx" + sx)) 

suPb,(^o) |u| sups^ \U{u{x" + sx))\ 
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As a direct consequence of Lemma 15.11 we obtain 



SUPBl |n(M(.T" + SX))\ _ ^ 



< 



This, together with Theorem 16. 3i imphes that 

supBjn(u(a::° + sa;))| Il{u{x" + sx)) 



\P- 



suPB,(j;0) |m| supsj |n(u(a;0 + sx))\ ""^ 
Rearranging terms in (|7.3p we get 
u{x'^ + sx) 



(S^ \ a 

S-{x^,s)) 



This proves (i). 



■P 



<C5 



+ 6log{r/s)' 



Rotating the coordinate system we may assume that '"^ = p ^ 2xiX2- The 
first part of the Corollary implies that 

/ S \ ^ 

u{x°+s-) <0 in {{xi,X2) e Bi : xiX2 < -C{d, M, a, f3)[ —— — -— - } = /C 
^ V 1 + log(r/s) / 



that 



ix° + s-) > in {ixi,X2) e Bi : xiX2 > M, a, /3) (— — ^— — ) "} 

V 1 + log(r/sj/ 

u{x'^ + sx) 



and that 



d9- 



SUPb,(x«) 



>C6|a;| in Bi\{K-UK+). 



From the implicit function theorem it follows that, for each e > 0, {u = 0} consists 
of four C^-curves in Bs{x'^) \ Bg/2{x'^)- To show that {u ~ 0} consists of two C^- 
curves we only need to show that these four curves are differentiable at and that 
their derivatives match. 

The normal v oi {u = 0} will point in the same (or opposite) direction as Vu at 
any point of (_Bs(a:°) \ {x'^}) n {u = 0}. Let us consider a point x'^ + sx of {u = 0} 
such that X2 — i and |.ti| < 1: from (i) it follows that at the point x'^ + sx, 

V{u{x° + sx)) /V( u{x^ + sx)) 



SUPB,(:rO) \U\ \ SUPb^(^O) 



2ei + terms of order 



2V{xiX2)) +2V(a;iX2) 
S 



1 + Slog{r/s) 



By a similar argument for each of the four components of {u = 0} n [Bs{x'^) \ {x'^}) 
it follows that each component is a C^-curve with modulus of continuity a{s) = 
C7(log(r/s))~" and that each component approaches tangentially relative to the 
x^- or x^-axis. This proves (ii). □ 
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